P, the P-index of G is the smallest integer k ≥ 0 such that L k (G) has property P. In this paper, we investigate the indices of group connectivity, and determine some best possible upper bounds for these indices. Let A be an abelian group and let i A (G) be the smallest positive integer m such that L m (G) is A-connected. A path P of G is a normal divalent path if all internal vertices of P are of degree 2 in G and if |E(P )| = 2, then P is not in a 3-cycle of G. Let l(G) = max{m : G has a normal divalent path of length m}.
Introduction
Throughout this paper, we use Z to denote the set of all integers and N to denote the set of all natural numbers. For an m ∈ Z with m > 1, we use Z m to denote the set of all integers modulo m as well as the cyclic group of order m. We use [2] for terminology and notation not defined here. Graphs considered in this paper may have multiple edges but no loops. Following [2] , for a graph G, κ(G), κ (G), δ(G) and Δ(G) denote the connectivity, the edge-connectivity, the minimum degree and the maximum degree of G, respectively. The line graph L(G) of a graph G is defined as the graph whose vertices are the edges of G and where two vertices in L(G) are adjacent if and only if the corresponding edges in G are incident to a common vertex.
We define L 0 (G) = G and for integers k ≥ 0, define recursively L k+1 (G) = L(L k (G)). Each L k (G) is called the kth iterated line graph of G, or just an iterated line graph of G. For an integer n > 0, let P n and C n denote the path on n vertices and the cycle of order n, called an n-path and an n-cycle, respectively. By the definition of line graphs, if G ∈ {K 1, 3 }∪{P n , C n |n ∈ N}, then the iterated line graph of G is either stable as a cycle, or diminishing when k becomes bigger. Therefore, throughout this paper, we always assume that G is a connected graph that is not in {K 1,3 } ∪ {P n , C n |n ∈ N}.
The hamiltonian index i h (G) of G is the smallest positive integer k such that L k (G) is hamiltonian. The concept of hamiltonian index was first introduced by Chartrand and Wall [3] , who showed that (Theorem A of [3] ) if a connected graph G is not a path, then i h (G) exists as a finite number. Clark and Wormald [4] considered other indices related to hamiltonicity of the iterated line graphs. More generally, the following is proposed in [16] . Definition 1.1. For a graphical property P and a connected nonempty simple graph G which is not in {K 1,3 } ∪ {P n , C n |n ∈ N}, define the P-index of G, denoted P(G), as
P(G) = min{k|L k (G) has property P} if at least one such integer k exists ∞ otherwise
The index problem has been investigated by many, including [3] , [4] , [6] , [13] , [17] . [21] , [29] , among others. The purpose of this paper is to investigate the indices for group connectivity of graphs.
Throughout this paper, A denotes an (additive) abelian group with identity 0, and A * = A − {0}. Assume that G has an orientation D (G) . If an edge e ∈ E(G) is oriented from a vertex u to a vertex v, then let tail(e) = u and head(e) = v. For a vertex v ∈ V (G), define E + D (v) = {e ∈ E(G)|v = tail(e)}, and E − D (v) = {e ∈ E(G)|v = head(e)}.
Following Jaeger et al. [11] , we define F (G, A) = {f |f : E(G) → A} and F * (G, A) = {f |f :
where " " refers to the addition in A.
A mapping b :
A be the family of graphs that are A-connected. The group connectivity number of a graph G is defined as
The concept of group connectivity was first introduced by Jaeger, Linial, Payan and Tarsi in [11] as a nonhomogeneous form of the nowhere-zero flow problem. The nowhere-zero flow problem was first introduced by Tutte [27] in his way to attach the 4-color-conjecture. Tutte left with several fascinating conjectures in this area, which remain open as of today. [27] , [10] Many efforts towards these conjectures have been made, as surveyed in [10] . Seymour [22] proves that every 2-edge-connected graph has a nowhere zero 6-flow. Jaeger et al. improve this result by showing that if G is a 3-edge-connected graph, then Λ g (G) ≤ 6. More recently, a break through on Z 3 -connectivity has been made by Thomassen and by Lovaze et al. [25] 
Conjecture 1.2. (Tutte
) (i) Every graph G with κ (G) ≥ 2 has a nowhere-zero Z 5 -flow. (ii) Every graph G with κ (G) ≥ 2
Theorem 1.3. (Thomassen
This lower bound in Theorem 1.3 has recently been improved. [19] , Wu [28] 
Theorem 1.4. (Lovasz, Thomassen, Wu and Zhang
The goal of this research is to show that if G / ∈ {K 1,3 } ∪ {P n , C n |n ∈ N}, then for any A, there exists a finite integer m ∈ N such that L m (G) ∈ A . The smallest such m is denoted by i A (G), called the A-connected index of G. We shall to determine best possible upper bounds for the indices of A-connectedness of graphs, for all abelian groups A. In Section 2, we display the tools we will use in the arguments. Best possible upper bounds of group connectivity are studied in the last section.
Triangular and triangulated connected indices
Throughout this section, G denotes a connected graph that is not in {K 1,3 }∪ {P n , C n |n ∈ N}. For each i ∈ N, let D i (G) denote the set of all vertices of degree i in G, for an integer subset I, let D I (G) = ∪ i∈I D i (G), and so
As our arguments will be back and forth between G and L(G), for each edge e ∈ E(G), we will often use, in the proof arguments throughout the rest of this paper, v e to denote the vertex in L(G) corresponding to e ∈ E(G).
Proof. Suppose that (i) holds, or L(G) is triangular. We argue by contradiction to prove (ii). Assume first that for some v 1 ∈ D 1 (G), the only vertex w in N G (v 1 ) has degree at most 2. Since G is not a path, we have w ∈ D 2 (G). Thus the vertex in L(G) corresponding to the edge v 1 w ∈ E(G) is a vertex of degree 1, contrary to the assumption that L(G) is triangular. Thus every vertex in D 1 (G) must be adjacent to a vertex in D ≥3 (G). Next, we assume that G has a vertex v 2 Conversely, assume that G satisfies (ii). Let e 1 , e 2 ∈ E(G) be an arbitrary pair of adjacent vertices in L(G). Then L(G) has an edge f linking e 1 and e 2 . Then for some v ∈ V (G), both e 1 and e 2 are incident with v. If d G (v) = k ≥ 3, then by the definition of line graphs, edges incident with v are vertices in L(G) which induce a complete subgraph on k ≥ 3 vertices. As k ≥ 3, f lies in a 3-cycle of L(G). Therefore, we assume that d G (v) = 2. By (ii), v lies in a 3-cycle of G. Since e 1 and e 2 are the only edges incident with v, the 3-cycle in G containing v must also contain e 1 and e 2 . By the definition of line graphs, the edges of this 3-cycle is also a 3-cycle in L(G), and so f lies in a 3-cycle in this case also. This proves that L(G) must be triangular, and so (i) holds.
For any graph Γ, and for distinct edges e, e ∈ E(Γ), an (e, e )-path of Γ is a path P whose initial edge is e and whose terminal edge is e . The edges in E(P ) − {e, e } are called the internal edges of P . By the definition of connectedness, a graph Γ is connected if and only if for any pair of distinct edges e, e ∈ E(Γ), Γ has an (e, e )-path.
For any e, e in a graph G, define e ∼ e if and only if e = e or there exists a sequence C 1 , C 2 , · · · , C k of cycles of length at most 3, such that e ∈ E(C 1 ) and e ∈ E(C k ) and for any 1
Such a sequence of 3-cycles is called an triangular sequence connecting e and e . It is routine to verify that ∼ is an equivalence relation on E(G). Each equivalence class induces a subgraph which is called a triangularly con-
(ii) For any pair of distinct edges e, e ∈ E(G), G has an (e, e )-path P such that every internal edge of P lies in a 3-cycle of G.
corresponding to an edge e ∈ E(G). By definition of v e , there exists a vertex
such that e is incident with e 1 and e 2 in G. Therefore, we assume that for i ∈ {1, 2}, G has vertices v 1 , v 2 such that e i , e are incident with v i . Since v e1 and v e2 are not in the same triangularly connected component of L(G), v 1 = v 2 . Thus e 1 and e 2 are distinct edges in G. By (ii), G has an (e 1 , e 2 )-path P such that every internal edge of P lies in a 3-cycle of G. Thus by the definition of L(G), for the two edges ee 1 and ee 2 , L(G) has a triangular sequence connecting ee 1 and ee 2 . It follows that ee 1 and ee 2 are in the same triangularly connected component, whence H 1 = H 2 , contrary to the fact that H 1 = H 2 . This contradiction justifies that (ii) implies (i) of Lemma 2.2.
Conversely, assume that (i) holds. Let e, e be distinct edges in G. If e and e are adjacent in G, then the path in G[{e, e }] is a path satisfying (ii). Thus we assume that e and e are not adjacent in G. Since G is connected, there exist edges e 1 , e 2 ∈ E(G) such that e, e 1 are adjacent in G, and e and e 2 are adjacent in G. Thus ee 1 and e e 2 are edges in L(G). Since L(G) is triangularly connected, there exists a triangular sequence C 1 , C 2 , · · · , C k connecting the two edges ee 1 and e e 2 in L(G). Among all such sequences, choose one such that k is minimized. Let v e , v e denote the vertices in L(G) corresponding to the edges e and e in G, respectively. Let P be a (v e , v e )-path in L(G)
Since k is minimized, there is no 3-cycle in P , and so P is a path. Let xy be any internal edge of P . By the definition of P , we have v xy ∈ V (C i ), for some 1, 4 , contrary to the assumption that k is minimized. This proves (ii).
Corollary 2.3. Each of the following holds. (i) If G is triangular, then L(G) is triangularly connected. (ii) If a graph G is triangularly connected, then L(G) is also triangularly connected.
Proof. (i) Let e, e be any pair of distinct edges in G, and e = u 1 u 2 ,
(ii) Since triangularly connected graph G is also a triangular graph, by (i), it follows that L(G) is also triangularly connected.
Given a connected graph G, a path P of G is a divalent path of G if every internal vertex of P has degree 2 in G. By this definition, if an edge is incident with two vertices neither of which is of degree 2, then this edge e induces a divalent path of G. We call P a normal divalent path of G, if all internal vertices of P are of degree 2 in G and if |E(P )| = 2, then P is not in a 3-cycle of G. Let P(G) denote the set of all normal divalent path of G, and define, l(G) = max{m| G has a normal divalent path of length m}.
As in the literature, many studies have used l(G) as an invariant to investigate the hamiltonian index as well as other hamiltonian related indices, see [3] , [4] , [6] , [13] , [29] , among others. We present the following.
Proposition 2.4. Let G be a connected graph with at least 3 edges not in
{K 1,3 } ∪ {P n , C n |n ∈ N}, and let l = l(G). Each of the following holds. (i) (Lemma 3.2 [26]) L l (G) is triangular. (ii) L l+1 (G) is triangularly connected.
Proof. It suffices to prove (ii
). By (i), L l (G) is triangular. Then, by Corol- lary 2.3 (i), L l+1 (G) is triangularly connected.
Group connectivity indices
Throughout this section, we always assume that A is a finite abelian group with at least 3 elements and G is a connected graph not in {K 1,3 } ∪ {P n , C n |n ∈ N}. Define the A-connected index of G as
We shall show that for any abelian group A, if G is not in {K 1,3 }∪{P n , C n |n ∈ N} then i A (G) exists as a finite number. We will determine best possible upper bounds for these indices. The following will be used in our arguments. 
Proposition 3.2. (Propostion 3.2 of [14]) (i) If H ∈ A and if e ∈ E(H), then H/e ∈ A . (ii) If H ∈ A , then G/H ∈ A if and only if G ∈ A .
Let H be an induced subgraph of G. We define 
By the definition of line graphs, every divalent path of length l in a graph G will become a divalent path of length l − 1 in L(G). It follows that if P ∈ P (G), then
Let Δ ≥ 3 be an integer and G(Δ) be the graph obtained from K 1,Δ and P n−Δ by identifying a vertex in D 1 (K 1,Δ ) and a vertex in D 1 (P n−Δ ). We observe that Δ is the maximum degree of G(Δ).
Theorem 3.5. Let G be a connected simple graph on n > 3 vertices, Δ = Δ(G) and A be an abelian group with |A| ≥ 4. Each of the following holds. (i) i A (G) ≤ n − Δ. (ii) Equality in (i) holds if and only if G = G(Δ).
Proof. (i) Note that since G is not a cycle nor a path, we have Δ ≥ 3. By the definition of line graphs, L(G) contains a K Δ as a subgraph. Since Δ ≥ 3, by Lemma 3.1,
If l(G) = 1, then by Theorem 3.4(i), we have i A (G) ≤ 1 ≤ n − Δ. hence we may assume that l(G) ≥ 2. As every divalent path of length l in G will become a divalent path of length l − 1 in L(G).
is also a divalent path in G, and so
Thus we assume that d L(G)/KΔ (v) = 2. Let P 1 and P 2 be the two component of P −{w}. Then I − 1 (P 1 ) and I 
Case 2. w / ∈ V (P ). Fix a vertex
v 0 ∈ D Δ (G). Then I − 1 (P ) is also a divalent path in G with V (I − 1 (P )) ∩ N G (v 0 ) = ∅. Hence l(L(G)/K Δ ) = |E(P )| ≤ |E(I − 1 (P ))| − 1 ≤ n − Δ − 1. Since i A (G) − 1 = i A (L(G)),
The distance of two vertices
Let G 0 be a graph obtained from a cycle C 2d by identifying a pendant edge, and for any finite abelian group A with |A| ≥ 4, define 
For any divalent path Q ∈ P (G), we observe that I d (Q) is a divalent path with length at most 3 in
is a divalent path Q in G with length at least d. Take a midpoint w of P 0 and a midpoint z of Q . Then 
is a divalent path P of length at least d in G such that every edge of P is a cut edge of G. Let P be a (u, v) -path of G. Since G is not a path, we may assume that d G (u) ≥ 3, and so Hence we conclude that every induced cycle of G must have length at most
Hence we may assume that l(G) ≥ d + 1. Note that for any divalent path P ∈ P (G), I 2d−|A|+1 (P ) is a divalent path with length at most |A| − 1 in L 2d−|A|+1 (G). If there exists an edge e ∈ E(L 2d−|A|+1 (G)) which is not in a cycle of length at most |A| − 1 in L 2d−|A|+1 (G), then as |A| ≥ 4, we have e ∈ E (L 2d−|A|+1 (G)). By Lemma 3.3, I − 2d−|A|+1 (e) is a divalent path Q in G with length at least 2d − |A| + 2. Take the midpoint w of P and a midpoint z of Q.
A wheel W n is the graph obtained from C n by adding one vertex and joining it to each vertex of C n . A fan F n is the graph obtained from P n by adding one vertex and joining it to each vertex of P n . As examples, K 4 ∼ = W 3 and K 3 ∼ = F 2 . Let G 1 , G 2 be two disjoint graphs. As in [7] , G 1 ⊕ 2 G 2 , called the parallel connection of G 1 and G 2 , is defined to be the graph obtained from G 1 ∪ G 2 by identifying exactly one edge. Let WF be the family of graphs that satisfy the following conditions: Beineke [1] and Robertson [20] showed that any line graph cannot have an induced subgraph isomorphic to W 5 or K 1, 3 . As for n ≥ 3, any induced [1] and Robertson [20] , see also page 74 of [9] ) If a connected graph G is a line graph, then G has no induced subgraph isomorphic to W 2n+1 for n ≥ 2.
Since G is triangularly connected, there must be a 3-cycle sequence connecting u 1 u 4 and u 2 u 3 . It follows that there must be a vertex 
Therefore, i Z3 (J(3, 2)) = 3.
Lemma 3.11. Each of the following holds. 
Proof. (i). By the definition of a line graph, L(H) is a subgraph of L(G). As
H / ∈ {K 1,3 }∪{P n , C n |n ∈ N}, we note that L(H) / ∈ {K 1,3 }∪{P n , C n |n ∈ N},, L(G) − e = L(G − v) = L(H). Since δ(H) ≥ 2,
the vertex e is adjacent to at least 2 vertices in L(H). It follows that L(G)/L(H)
is spanned by a 2-cycle, which, by Lemma 3.1(i), is
Since G is not a path, we may assume that P has an end vertex u with
To show that H is Z 3 -connected, we argue by induction on k ≥ 2 to show that L k+1 (J (3, k) ) is triangularly-connected and Z 3 -connected. If k = 2, then by Example 3.10(ii), L 3 (J (3, 2) ) is triangularly-connected and Z 3 -connected. Assume that k ≥ 3, and that L k (J(3, k − 1)) is triangularly-connected and (3, k − 1) ). By Lemma 3.11 (iii), we conclude that L k+1 (J (3, k) ) is triangularly-connected and Z 3 -connected. Hence H is Z 3 -connected. As H is a subgraph of L l+1 (G), and as L l+1 (G) is triangularly-connected, it follows by Lemma 3.11 (ii) that L l+1 (G) is Z 3 -connected. Conversely, assume that i A (G) ≤ d + 2. By contradiction, we assume further that G contains a subgraph H such that G/H is a cycle of length at least d+5. Thus P 0 = G[E(G/H)] is a divalent path in G; and C = I d+2 (P 0 ) is a divalent path with length at least 4 in L d+2 (G). By Lemma 3.1 (i), C / ∈ A . On the other hand, since L d+2 (G) ∈ A , by Proposition 3.2 (ii), C = L d+2 (G)/L d+2 (H) ∈ A . Thus a contradiction is obtained. This completes the proof of (iii).
